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Abstract. For the finite Schur (dmKdV) flows, a non-local Poisson structure is introduced
and shown to be linked via@&klund—Darboux transformations to linear and quadratic Poisson
structures for the Toda lattice. Two different Lax representations for the Schur flows are used, one
to construct Bicklund—-Darboux transformations and the other to solve the Cauchy problem via the
trigonometric moment problem.

1. Introduction

In this paper we deal with the system of nonlinear differential-difference equations

Vo = (1= Y2 V1 — Vo1 (1.1)

known as thaliscrete modified KdV equatidsee, e.g., [1,6, 7,10]) or the equationtbé
Schur flowgcf [2, 3]). We will use the latter name because of the connection between (1.1)
and the Schur parameters for the trigopnometric moment problem.

Equations (1.1) first appeared in [1]. They belong to the family of integrable nonlinear
differential-difference equations, whose most famous representatives are the Toda lattice
equations

an = dap (bn+1 - bn) bn =day, —ap-1 (12)
and the Volterra (or Kac—van Moerbecke) lattice
C.ln =0y (an+l - O5;’171)' (13)

The construction and study of the Poisson geometnaakBind—Darboux transformations
between integrable lattice equations has attracted a lot of attention lately (see, e.g., [8, 11, 13]).
Our aim is to introduce a non-local Poisson structure for the Schur flows (1.1), that can be
linked to both linear and quadratic compatible Poisson brackets for the Toda lattice.

This structure is defined in section 2, where we also discuss relations between two Lax
representations for the Schur flows. One of these representations, where the Lax matrix is
Hessenberg, allows one to solve the initial value problem for finite or semi-infinite Schur flows
using the trigonometric moment problem. This approach, similar to the treatment of the Toda
lattice and the moment problem on the line (cf [4, 5]), is described in section 3.

The second Lax representation for the Schur flows, which involves a tridiagonal Lax
operator, is more suitable for construction of Darboux-type transformations that map solutions
of the Schur flows into solutions of the Volterra lattice. Properties of these transformations
with respect to the non-local Poisson structure for the Schur flows are studied in section 4.

0305-4470/99/254671+10$19.50 © 1999 IOP Publishing Ltd 4671



4672 L Faybusovich and M Gekhtman
2. Lax formulation and Poisson structures

We will concentrate on the finite non-periodic Schur flows
)./n = (1 - J/,,z)(l/n+1 - ynfl) 0<n<N Y-1= 1 YN = € = +1 (21)

Some of the statements below also remain valid for the semi-infinite Schur Mws ¢o).
The second boundary condition can be omitted in this case.
System (1.1) admits several Lax pair representations. We present two of them. In the first
one, suggested in [10], the Lax operator is a tri-diagonal mdtrix (l,-j)ff’jzo of a special
form:

lij=Q0Q- ViZ)S,-’;l + (V-1 — 7/1-)5,7 + 5,7_1 (2.2)
and (1.1) is equivalent to the Lax equation
L =[L,n:(L?] (2.3)

wherer.(X) denotes the strictly upper triangular part of the makix
Lax operator in the second representation is an upper Hessenberg mair'(x;ij)ff’jzo:

j—1
—viay [ [A=vd  for i<
k=i

AR ] for i=j+1 24)
0 for i>j+1
and the Lax equation reads
U =[r.(U+U™Y, U] (2.5)
If
1-y?>>0 for 0<i<N (2.6)

thenU is similar to an orthogonal matri@ = DU D~*, whereD = diag(1, (1 -y, (1 -
y&Y2(1 - ypY?, ...). O was proposed as a Lax matrix for the Schur flows in [2, 3].
The next proposition describes the relation between Lax operators (2.3) and (2.5).

Proposition 2.1. There exists a matrix X with entries depending polynomially on varighles
such that

XU+UHx1t=12-2

Proof. Define matrices

. _ 2
r,-=< vio 1=, > (i=0,....N—1)
1 Vi

P, = diag(1;, Iy, 1y_i_1) (i=0,...,N=1
and
P, = diagly, —yn).
Then
P?=1 (i=0,...,N) [P, P]=0 (i —j|>D. (2.7)
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Moreover,U = Py--- Py andU 1 = Py --- Po. Put

<I[N/2]
X= Hk:1 (PN—ZkPN_Zk_l e PO)

Then relations (2.7) imply
U=XU+UYHX"t =TI, + 1,01,

whereTl; = [NV Py o 1, T, = [[5Y3 Py 5. A direct computation shows that
U=12%2-2. O

In what follows, we fix the second boundary condition in (2.1):
e=1 (2.8)
Proposition 2.2. Local Poisson structure for (2.1) with= 1 can be defined as follows:
i visth = == yH L = vy (2.9)

and all other Poisson brackets are zero. Equations of the Schur flow are generated by the
Hamiltonian function

N-1
Hy =) " In(1+y). (2.10)
i=0
Proof. By direct computation. |

We now define a non-local skew-symmetric bracketfor

1-—w
l+y

j—1
Wi vl = -0 —wA-yp [] (i <)) (2.11)

k=i+1

Proposition 2.3. Equation (2.11) defines a Poisson bracket. Equations (1.1) are Hamiltonian
with respect to this bracket with the Hamilton function

N
H=-Tr(U)=2(N+D)-Tr(L>) =) yi1. (2.12)
i=0

i=

Proof. First note, that for any pair of functiong g a skew-symmetric bracket of the form

j—1
Wovitm=—fofo) [ e G<i)
k=i+1
extended via the Leibnitz rule satisfies the Jacobi identity and, thus, defines a Poisson bracket.
This can checked through a straightforward though tedious computation.
Next, denote

J 1—

143
T = . 2.13
=i, 219
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Then

N-1
{vi, H}u = Z{Vi, Vil (Vi1 + vj+1)
=0

i1
=1-y) (Z(l —¥Y)(Vj—1 ¥+ ri-1

j=0
N-1
- ) A=yt Vj+1)m+1,11>-
Jj=i+l
Note, that

A=y)Wj—r+tvrmjsi-1 = A=y A = yjir)mjrzi—1 — A — yvj—) (L — Y411
(j<i-—-1
and

A=yp)j—r+tyvpuDmivgj—-1=—A =)A= yjs0)misg j—1 + L= yj—0) (L — yj) i j—2
(i <j—1).

Thus

Yi={i Hhu =0 —-y)(—Q—y-1)A—yo)mri1
+1=v-2)Q = i)+ A= vi—) izt ¥) — A= visd) Vi + Vis2)
(1= yis) (A — vir2) + (L= yv—1) (1 — yn)Tir1,N-2))-
Taking into account boundary conditions (2.1) and (2.8), we obtain equations (1.1). (J

3. Schur flows and trigonometric moment problem

First, we review some basic facts about the trigopnometric moment problem. Details can be
found, for example, in [9, 12]. Consider a sequence of real numbens> 0, put

T, =T (3.1)
and define Toeplitz matrices

T, = (ti-)} j—o- (3.2)
We assume that

A, =detT, #0 (3.3)

forO<n < N+1.
One can define a bilinear function@l) on the sefR[z, z71] of Laurent polynomials by
putting

(7)) =7

and then extending by linearity. Note that the functional thus defined is invariant under
multiplication byz:

(zp(2), 29(2)) = (P(2), q(2)) forany p(x),q(x) €R[z,z7Y. (3.4)
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Then monic polynomials defined by the formulae

70 T1 “en T
1 ‘[1 'L’O “e Tn—l
An—l
Tp—1 Tp—2 - 1
1 z . Z”

satisfy the following properties:
(a) ¢, are orthonormal with respect tq):
(¢i,¢;) =0 J#L
(b) If we introduceSchur parameters; = —¢; (0), then
(Gie1. 0iv1) = L= V3D ¢)  i=01,.... (3-6)

(c) For a polynomialp(z) of degreen definept(z) = z"p(1/z). Then polynomialsp,, b
satisfy the recurrence relations:

Gn = 2Pu-1— Vn¢5_1 (37)
OF = 2.1 — 2Vndu-1 (3.8)
and

n:_" AP #n) 39

G= L (39)

It follows from (3.8) and (3.9) that
a2
n — @Pn+1l — Vn+ i i - 3.10
2Pn = Pus1 — v, 1;1) (¢i’¢i>¢ (3.10)

Thus, if one denotes

Vi = —Vi-1

then it follows from (3.6) and (3.10) that matrix elements of the operator of multiplication by
z written in the basigo, ¢1, . . . coincide withu;; defined by (2.4). Moreover, equation (3.10)
together with (3.5) imply

71 T2 o Tyal
N 1 —l n+l 70 T1 e Tn
‘}/”:(Zd)’ >=(A) det| .- ... .. .. (3.11)
Gra) A S,
Tp—1 Tp—2 - T1
and
7, = (2", 1) = (U")oo. (3.12)

In the case when the sequeneg) is positive definite, i.e. all determinants in (3.3) are
positive, there exists a non-negative measuyre ylon the circleS! = {|z| = 1} such that

T, =/ 7" dp(2). (3.13)
Sl
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Then condition (3.1) is equivalent to a symmetry condition for the measutgd
dp(z) =dp(2). (3.14)

In the case, whew is finite, a support of gd(z) consists ofN + 1 points of the unit circle
symmetric under the complex conjugation and weights associated with conjugated points of
the support are equal.

Formulae (3.11) and (3.12) allow one to integrate equations (1.1) of the Schur flows.
Indeed, ifU satisfies the Lax equation (2.5), then the same is tru&forThus,

= (U + U™, U")oo = (U +U™HU )0
= U+ U" oo — (- (U + U HU g0
Here 7_(X) is a projection on the lower triangular part &f. Observing thatz_(U +
U™HU")o0 = (U + U ) oo(U")oo = —2y0T, = 2117,, We obtain
Ty = Tyt + Tne1 — 2717, (3.15)
For an alternative derivation see [3].
Define
(1) = exp(t (U (0) + U*(0))). (3.16)
It is not hard to check that the solution to (3.15) with initial dgté0) = (U"(0))qo iS given
by
1" n
0(t) = (C'()U"(0))oo
(T'(")oo

Then (3.16), (3.17) and (3.11) give a solution to the initial value problem for the Schur flows.
Another set of formulae that represents solutions via Hankel determinants and is connected
with the Lax representation (2.3) was obtained in [10]. We should also mention papers [6, 7],
where an approach based on continuous fractions was used to linearize equations (1.1) in the
semi-infinite case.

Note that, since the right-hand side of (3.11) is a homogeneous rational expressgion in
of degree 0, solutiong, () can be obtained by substituting functions

%) = T'@®) U"(0)oo (3.18)

into (3.11) instead of, (7).
In the positive-definite case (2.6) equation (3.18) represent moments of the measure

dp(z, 1) = € R¥ dp(z, 0) (3.19)

(3.17)

where ¢ (z, 0) is the measure that corresponds to the initial aat).

Equations (3.14) and (3.19) show that if one ‘projectg)(d ) into a measure
du(2Rez), t) = dp(z, t) defined on the real axis, them¢h, t) = € du(r, 0). It is known
(see, e.g., [4]), that in this case coefficients of the three-term relations satisfied by monic
polynomials orthogonal with respect tudh, r) satisfy equations of the Toda lattice (1.2).
Explicit expressions for these coefficients in terms of the Schur paramet=ans be obtained
via the theory otanonical momentdeveloped in [9]:

ai = (1= )L — 2,1 +y2142)
bi =1 —=yu_1)L+yy)+ (1 —yu)(A +y2i41).

An alternative way to obtain (3.20) as well as other maps from the Schur flows into the Toda
lattice is described in the next section.

(3.20)
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4. Schur flows and Toda lattice

First recall the discrete Miura map
a; = o041 bi = agi—1+ay (4.1)

that transforms a solutiom; of the Volterra lattice (1.3) into a solution of the Toda lattice.

The abstract version of this map was studied in [8] in the context of Poisson—Lie groups. In
particular, it was shown that the map (4.1) as well as its generalizations is Poisson with respect
to the suitable Poisson structures. In the case we are dealing with, these structures are given
by quadratic Poisson brackets

{ai, aiv1}2 = —a;a;+1 {bi, bi+1}2 = —a;
(4.2)
{a;, bi}o = a;b; {ai, bi+v1}2 = —a;ibiv1
for the Toda lattice and
{oi, iv1}] = —atjoieg 4.3)

for the Volterra lattice. As usual, we list only non-zero brackets.
The linear Poisson structure for the Toda lattice is compatible with (4.2) and has the form

{ai, bitr = —{ai, bivihh = a;. (4.4)
It turns out that the pullback of (4.4) via (4.1) is no longer local as the following lemma shows.
Lemma 4.1. Poisson brackets

Hi<2k+1<j Q2k+1
l_[i<2k<j 2%

induces, via the Miura map (4.1), the linear Poisson structure for the Toda flow.

foi, )y = (=D™ (i< (4.5)

Proof. First observe that (4.5) implies

{og, azj-a}y = —{ou, a2}y, for i<2j-1

{ag, Olj}Zl = —{opi+1, aj}Zl for 2i+1< J

agjaafei, agjly = —azifey, azjaaly for i <2j
and

agi—1{otgi, oy}, = —azi{ogi1, o))y, for 2i < j.

These relation ensure that far, b; defined by (4.1),
{bi, b}, =1ai,a;},;, =0 forany i, j

and

{bi,aj},; =0 for |i—j|>1
Furthermore,

{ai, bi}, = aoi{agivl, 0} = @z = a;
and

{ai, biv1}y, = agi{ogivg, ooivn} = —agioii1 = —a;. O
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It follows from lemma 4.1 and compatibility of linear and quadratic Poisson structures for
the Toda lattice that (4.3) and (4.5) are also compatible.

Now we can establish a connection between the Schur flows and the Toda lattice using
the Volterra lattice as an intermediate step. In fact, we use Darboux-type transformations to
describe four ways to construct a solution of the Volterra lattice from the solution of (2.1).

Denote
kEF=1+y, (4.6)

and define bidiagonal matrices

_ ji+1 - -1
Ny = (—«8! +6 )j:0 B1 (—k; 8]~ +5f)” 0 )
j+1 1 '
NI_(KI 8J+81 )l] =0 (j:K 13] +8 )1] =0
j+1
= (D' A - =D'we! +6l™)

By = (=)' (L +(=Diy)s/ " +6]),

2 i (4.8)

(
N; (D' A+ Diyns) +8/7)]
= (D A+D'ys! )
Denote byJ a diagonal matrix diag—1)" ),
Proposition 4.2. Let L be defined as in (2.2). Then

B{N; =L+21 N{Bf=L-21 B;N; =N,;B; =L (4.9)

while

NiBf =A7+21 BN, =A] —-21 (4.10)
and

NyB; = Ay +2J] B{N; = A, —2J (4.11)
where

A = (ol 8l A = (@]t ol (4.12)
and

- =+ + _ 4+ —

O =K Kiyg o = K;_1K; (4.13)
@ =—1+D'y)A+(=D'yis) af = —1+(=D'y) A+ (=D 'y

Furthermore, ify; satisfy (2.1), themzl.i and&ii satisfy equations of the Volterra lattice with
boundary conditions:oi = aﬁ = 0 or, equivalently A satisfy the Lax equation

ATy = [ALp T (AP, (4.14)

The non-local bracket (2.11) induces the Poisson bragkgtfor o and the Poisson bracket
[, +a(,)y fora”
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Proof. Once formulae (4.7) and (4.8) are given, relations (4.9)—(4.14) are not hard to verify.
Let us check relations (4.3) far; (the case ofx; can be treated similarly). We use
notation (2.13). Then (2.11) implies, for< j
{vi, K;Kj:l}nl = 7Ti+l,jfl(_’(,‘7/(;’(j7+1 + K;K;ijrl(/(;//(;)) =0.
Therefore,

{a a;}nlzo for i<j—-1

and
— — + + — — R —
{og, o = K kg Kiphn = —o a4
To compute the Poisson algebra induced by (2.11&,1*brlet us first consider for < k
~— o~ 2k-1( — -  — + + - = = + - -+

(@, Qg tn = =755 (K2iK2i+1K2kK2k+1 t KoK 1KoK opey T KiK 211K 01K a1
oK gi 1KoK geen)-

Sincex; +«;" = 2 for anyi, the right-hand side of the last equation is equal to

O i qOorm s Oy
- =21 _ ,%2i+1%2i+3 %=1 _ e~
—Mgky oy = Ao = May, Gyl
oi+2%2i44 " U2

Other Poisson brackets fdﬁ can be computed similarly. O

The Backlund transformatioty;) — aii can be found, for example, in [13], whereas the
transformation(y;) — &ii is, to the best of our knowledge, new. A superposition of any of
these maps with the Miura transformation (4.1) transforms a solution of the finite Schur flows
into a solution of the finite non-periodic Toda lattice. Moreover, it follows from lemma 4.1
and proposition 4.2 that non-local Poisson structure (2.11) is connected with both linear and
quadratic Poisson structures for the Toda lattice.
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